Two Families of Scale-Invariant Regret, and their
Monotonicity Properties
Nic Wilson **

4Insight Centre for Data Analytics, School of Computer Science and IT, University College Cork, Ireland
ORCID (Nic Wilson ): https://orcid.org/0000-0003-1874-8255

Abstract. A weakness of max regret for multi-objective optimi-
sation is its lack of scale-invariance: it is not robust to changes of
units of the objectives. This paper defines two families of variations
of regret that are scale-invariant as well as translation-invariant, and
analyses their monotonicity properties. The first family is based on
dividing regret by an aggregated regret (over all the alternatives), and
the second family can be viewed as being like the regret of an aggre-
gated alternative. Both families are shown to have good monotonicity
properties.

1 Introduction

In a setting where there is uncertainty over the user preference model
in an optimisation problem, max regret is used as a measure of how
close an alternative is to being guaranteed to be optimal; the regret of
an alternative with respect to a preference model is the difference in
utility between that alternative and an optimal one.

The max regret of an alternative is always non-negative, and is
only zero if the alternative is necessarily optimal, i.e., optimal with
respect to all the considered preference models. Max regret is valu-
able, in particular, in interactive optimisation, for determining when
the dialogue can be terminated, because an alternative can be recom-
mended as it is sufficiently close to being optimal; and is used for
generating informative user queries.

A common kind of preference model for multi-objective optimi-
sation is a weighted sum of objective values, and there may be only
partial information about the weights vector, leading to a set VW of
compatible weights vectors. The set VW may be based on previous
user inputs in the form of comparison queries, that one alternative is
at least as good as another.

Max regret is translation-invariant, i.e., is not affected by trans-
lating all the multi-objective alternatives (corresponding to changing
the zeros of the objective scales). However, as shown in [20], it is
not scale-invariant: it is affected by changes of scales (i.e., the units)
of the objectives. The reason for this is connected with the fact that
in order for max regret to be finite, one needs to bound the set W
of weights vectors, for instance, by assuming each vector of weights
sums to one. The chosen units can make a big difference to relative
values of max regret, and can lead to a different alternative minimis-
ing max regret (see [20]). This indicates that max regret is somewhat
unsatisfactory in this respect, since the choice of units for objectives
can be rather arbitrary.
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One way of attempting to deal with this problem is to reason
based on families of rescalings; methods for this were developed in
[20]. However, in [21] a neater and more fundamental approach is
derived by changing the definition of max regret to make it scale-
invariant whilst maintaining translation-invariance and other funda-
mental properties. This is done by dividing regret by an appropriate
function D to form D-relative regret, with four appropriate functions
D being defined there.

In this paper we generalise this idea by defining two kinds (or
families) of function D that lead to translation- and scale-invariant
D-relative [max] regret, both of which involve aggregating over the
alternatives.

The first kind is based on defining the function D as an aggregation
of the values of regret of the set of alternatives, where the aggrega-
tion function could, for instance, be a max, mean, or other Ordered
Weighted Average.

The second kind can be viewed as defining D to be the regret
of an artificial alternative that is a pointwise (i.e., co-ordinate-wise)
aggregation of the set of alternatives, e.g., the min or mean of them.

A very important kind of property that was not considered in [21]
relates to monotonicity; such a property could be lacking if a change
that would seem to favour an alternative a could actually make its D-
relative regret worse (i.e., larger). We formalise three different kinds
of monotonicity, based on different types of change: (i) when « is
improved, (ii) when other alternatives are worsened, but the maxi-
mum utility value is unchanged, and (iii) when the maximum utility
is reduced.

We see that the third kind of monotonicity can only hold when
there is an additional restriction, but that the first two kinds of mono-
tonicity can hold more generally.

Summary of Contributions: we generate two families of scale-
invariant and translation-invariant forms of regret: see Theorems 4
and 8; an instance of either of these two families can be used instead
of regret, for instance in interactive user optimisation. We also show
that both families have positive monotonicity properties, especially
for smaller values of relative regret.

The structure of the paper is as follows. Section 3 gives the for-
mal background, especially based on [21]. Section 4 defines certain
kinds of aggregation operation that we will make use of in the new
kinds of D-relative regret. The first family of D-relative regret, based
on aggregating the values of regret of each alternative, is defined in
Section 5, along with the invariance properties; and Section 6 does
similarly for the second family based on pointwise aggregation. The
three kinds of monotonicity property are defined in Section 7, and the
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analysis for the two families is given in Sections 8 and 9. Section 10
considers monotonicity properties for another specific D-relative re-
gret defined in [21], and Section 11 concludes.

2 Related Work

Max regret [16] is frequently used for decision problems with partial
knowledge of the user preference model, for recommending alterna-
tives, in generating queries, and in deciding when to terminate the
user interaction, see e.g., [19, 4, 5, 12, 2, 18]. Simple linear prefer-
ence models are a commonly applied special case of Multi-Attribute
Utility Theory (MAUT) [14, 10, 7] for multi-objective reasoning.
As a model for unknown user preferences, using a weighted av-
erage with unknown weights, they have been used for instance in
[8,6,17,15,13,9,3].

As mentioned above, this paper extends the work in [21], which
was motivated by the work in [20], which pointed out the lack of
scale-invariance of max regret, and developed approaches for reason-
ing with families of rescalings, as well as characterising situations in
which the ratio of the max regret of two alternatives can be arbitrarily
large (for extreme scalings).

3 Some Background

We give some background, in particular, using the notation and defi-
nitions from [21]. We are considering multi-objective decision mak-
ing problems involving a choice between a finite set A of alterna-
tives. Each alternative is assumed to be scored according to each of p
objectives (with higher scores being better). Thus, each alternative is
associated with a (multi-objective utility) vector « in IR”; to simplify
notation we identify the alternative with a.

We assume that the user preference model is one of a family pa-
rameterised by a set of scenarios W; associated with w € W is a
real-valued utility function f,, over the space IR? of multi-objective
vectors. In this paper we focus on the commonly used simple lin-
ear model of the user preferences based on (non-negative) weighted
sums of objective values: for all & € RP, fu(a) = w-a =

P, w(i)a(i). Here, weights vector w is an element of JRY , where
IR’; is the set of vectors in IRP, such that each co-ordinate is non-
negative i.e., w(i) > 0 foralli € {1,...,p}.

We have partial knowledge of the user preferences, expressed by
a subset W of all possible weights vectors IR . For a given weights
vector w let O, (A) be the set of all alternatives o in A that are op-
timal in A with respect to w, i.e., such that w - « > w - § for all
alternatives 5 € A. We say that alternative o € A is necessarily
optimal, written oo € NOyy, (A), if o is optimal in A with respect to
every weights vector in V. If there exists a necessarily optimal al-
ternative « then we can recommend it to the user, since it is optimal
with respect to the user’s (unknown) weights vector w € W. How-
ever, frequently, there will not be a necessarily optimal alternative;
we could then recommend an alternative, for example, one minimis-
ing max regret; or we could elicit more information from the user.

Preference Cone V: For set A C IR? of utility vectors the pref-
erence cone YV C ZR’; is defined to be the set of weights vectors
w € RE such that 0 < w - A (= 3P w(i)A(i)) forall X € A.
In particular, each A\ may come from the answer to a comparison
query, preferring an alternative ay over an alternative (3, implying

w - (ax — Br) > 0, where ay — Bx = A

Cone and Conic Closure: More generally, a (linear) cone (in IR%)
V is defined to be a subset of IRY such that if w € V then rw € V
for all real » > 0. For any W C IR, the conic closure C(W) is
defined to be {rw : r > 0,w € W}; this is the unique smallest
cone containing W.

3.1 Max regret

The regret R} («) and the utility/value Vals (w) of A, w.r.t. pref-
erence model w: Letw € IRY, i.e., a vector with all components
being non-negative. For finite set A of alternatives, the value (or util-
ity) Vala(w) of A with respect to weights vector w is defined to be
maximum utility over all elements of A, i.e., maxgea w - 8. The
regret R} () for alternative o (€ A) in scenario w is defined by
RY(a) = Vala(w) — w - «; this is thus non-negative and mea-
sures how far short « is from being optimal in A with respect to
w. Hence, « is optimal with respect to user preference model w (i.e.,
a € Oy (A)) if and only if RY () = 0.

Max regret: For arbitrary W C IRZ, and alternative « in set of
alternatives A, we can define the max regret MR (a; W) of « to
be equal to sup,, ¢,y R4 («). It is thus in [0, 00], i.e., a non-negative
real or equal to infinity. We have MR 4 (a; W) = 0 if and only « is
necessarily optimal, i.e., v is optimal in A with respect to every user
model in W.

The basic result below considers the effect on regret of different
operations on the inputs. Part (i) shows the effect of a simple scaling
of the weights vector, where for r > 0, the vector rw € R’; is given
by (rw)(i) = r(w(i)) fori € {1,...,p}. (ii) relates to translating
the objectives values by a vector § € IRP, which corresponds with
redefining the zeros of the objective values. A+ ¢ is defined to be the
set {y+3d : v € A}. Part (iii) relates with changing the scales of the
objectives, i.e., changing their units. For o, 7 € IRP, their pointwise
product @ ® 7 (€ IRP) is defined by (o ® 7)(3) = «(i)7(4) for
i €{1,...,p}. Also, AOT isdefined to be the set {yOT : v € A}.

Proposition 1. Consider any finite A C IR, a € A, and w € IRY,
(i.e., each co-ordinate non-negative), and r > 0 and § € IRP and
7 € IRY (i.e., each co-ordinate strictly positive).

(i) Ry =1 x R{(a);
(ii) Ry, s(a+0) = Ry (), and
—1
(iii) RYST (a®T) = RY(a).

Part (iii) follows using the fact that for any v € IRP, (w ® 7~ 1) -
(y ®7) = w - ~. Part (i) implies that regret and max regret are
translation-invariant: i.e., if we add a vector ¢ to each alternative then
the regret and max regret are unchanged. Essentially because of part
(i), the set YW will need to be bounded, or else the values of max
regret will be zero or infinity. For instance we might consider just
weights vectors whose components sum to one. However, as shown
in [20, 21], this causes max regret to not be scale-invariant.

3.2 Max relative regret:

A variation of max regret is max relative regret [11, 1] which can be
written in our (maximising utility) setting as sup,, ¢ %
This is scale-invariant but not translation-invariant.

3.3 D-relative regret and some basic properties

We describe here a formalism from [21] where a more general form
of [max] relative regret is defined, that generates measures that are



translation- and scale-invariant. Instead of dividing the regret by
Vala (w) (as in done for relative regret), it is divided by a term Da (w)
that depends on the set A of alternatives, but not on « in particular.
A key property is positive homogeneity with respect to w.

Sets D and D,, of Denominator families: functions in D are
families D, of non-negative real-valued functions D4 on ZR‘; for
all finite A C IRP, satisfying the positive homogeneity condition
D4 (rw) = rDa(w) for all real » > 0 and all w € IRY.

We define A to be the set of finite subsets of IR?, and for each
positive integer n we define A,, to be the set of all subsets of IR” of
cardinality n.

In the formalisms developed in this paper based on aggregation
functions it is convenient to focus on input sets A of alternatives
of a given cardinality n > 1, ie.., A € A,, and the associated
families D™ (or ‘slices’ of a denominator function D). Thus, a fam-
ily/function in D,, takes as input a set A € A,, and a weights vector
w and returns a non-negative real value, whilst satisfying the positive
homogeneity property.

Leta € Aand w € IRY ; recall that RY (o) = Vala(w) —w-a =
maxgea w - 3 — w - a. Define the D-relative regret as follows. If
D4 (w) > 0 we define

=

i (o

RRg(a; w) = Da(w

6]

=

We define RRY (a;w) = 0 if RY(a) = Da(w) = 0; and
RRE (o;; w) = oo if RY () > 0 and Da(w) = 0.
We define, for YW C R’é, the max D-relative regret

MRRY (a; W) = sup RRZ(a; w).
wew
So, the max D-relative regret is the supremum, over weights vectors
w € W, of the ratio between the regret R} (o) and the value of the
denominator function Dy (w). It takes values in [0, co].

Max D-relative regret of « is non-negative, equalling zero if and
only if o is necessarily optimal (see Proposition 2 of [21]).

For any w € IRZ and » > 0, R}’(a) = rRy(«) and
Da(rw) = rDa(w), and so RRY (a; rw) = RREY (o; w). This im-
plies that MRRY (a; W) = MRRE (o;; C(W)), where C(W) is the
conic closure of W. This means that we can directly use a prefer-
ence cone of the form V), and that it is equivalent to considering
normalised or bounded versions of it.

3.4 Four choices of function D

Four particular denominator functions, DF for k = 0,1,2,3, are
defined in [21], and for each k, D*-relative regret is translation-
invariant and scale-invariant, and hence, so are the associated D*-
relative regret and max D¥-relative regret measures, by Proposi-
tion 1 and Equation 1. In addition they satisfy the inequalities 0 <
DY(w) < D}(w) < D3(w) < D3 (w), and, for k = 1,2, 3, RR>"
and MRRP" have an upper bound of 1.

Given finite A C IRP, we define the pointwise max, A € IR?, by,
foreachi € {1,...,p}, A(i) = maxaea a(i); the pointwise min,
A € IR, by A(i) = minaea a(i); and the mean, A € IR”, to be
TAT 2aca - Recall Vala (w) = maxaea w - o; similarly we define
Wora(w) = minaea w - o, which is the worst utility (with respect
to w) of any element of A.

For finite A C IRP and w € IRY:

DS (w) = Vala(w) —w - A = meancaRY (7).

D} (w) = Vala(w) — Wora(w) = max,eca RY (7).

D3 (w) = Vala(w) —w - A.

Di(w) = w- (A~ A).
Hence D° and D' involve different ways of aggregating regret over
the alternatives, i.e., using mean or max. And D° and D? can be
viewed as the regret of an aggregated alternative, using pointwise
mean A for D° and pointwise min A for D?. Using D?, max
D-relative regret corresponds exactly with max regret if one first
rescales A to have unit ranges for each objective: see Proposition 15
in [21].

3.5 Translation-invariance

As discussed in Section 3.1, max regret satisfies translation-
invariance, which means that the max regret is unchanged if we add
a constant vector to each alternative in A. Because of this, the objec-
tive scales need only be interval scales (rather than ratio scales). This
generalises to D-relative [max] regret.

We say that RR” is translation-invariant if for all finite A C IRP
and o € Aandall § € IR” and w € IRY, RRY 5(a + &;w) =
RRE (o; w).

Similarly, MRRP is translation-invariant if for all finite A C IR?
and o € Aandall § € IRP and W C IRE, MRRY  5(a + §; W) =
MRRE (c; W).

D is translation-invariant if for all finite A C IRP and all 6 € IR?,
andw € IRY, D ays(w) = Da(w). This is a sufficient condition for
translation-invariance of RR” and MRRP, by Proposition 1 (ii) and
Equation 1.

3.6 Scale-invariance

Changing the scales of the objectives involves multiplying the values
of the objectives by certain scalars, which can be represented by a
pointwise product with a strictly positive vector 7. As well as chang-
ing the alternatives with the mapping v +— ~ © 7 this changes the
inputs A for the preference model set V4, and, as shown in [20, 21],
this amounts to mapping each weights vector w to w ® 7~ !; this en-
sures that the utility, w - 7y, of v with respect to preference model w,
is unchanged.

It is shown in [21] that, for D € D, scale-invariance can be written
in terms of equalities of the form MRRS ., (o ©® T;Va © 771) =
MRRE (a; V2). A sufficient condition for this is that RR” is scale-
invariant, i.e. , for all finite A C IR and o € A and all § € IR? and
w € RY,RRE .. (a®T;w®T ') = RRY (a; w). By Proposition 1
(iii) and Equation 1, a sufficient condition is that D is scale-invariant,
i.e., if, for all A and w, and for all 7 € IR?, Do, (w ® 771) =
Da(w). We then have (see Propositions 10 and 13 of [21]):

Proposition 2. Let D be any family in D or D,,.

If D is translation-invariant then RRP and MRRP are translation-
invariant.

If D is scale-invariant then RR® and MRRP are scale-invariant.

4 Aggregation Operations

The two forms of denominator families that we define here both in-
volve aggregation: the first family, aggregation of regrets, and the
second family, co-ordinate-wise aggregation of alternatives; in par-
ticular, we use aggregation functions on multisets of reals of cardi-
nality n where n = |A|. This section describes the relevant fami-
lies of aggregation functions, including Ordered Weighted Averages,



based on the properties we will need in Sections 5-9 to ensure good
properties of the denominator families.

4.1 Multisets of reals

Let M, be the set of all multisets, of cardinality n, of real numbers.
We consider real-valued aggregation operations F' on M,,, such as
mean, or minimum, or maximum. Hence, if S € M,, then F(S) €
R.

Ift € Rand S € M, we define tS € M, tobe {ts: s € S},
and S+t € Mytobe {s+t:se S}

For S € M, ,let S be min(S), i.e., the smallest element of
S, let S be max(S), the largest element, and, more generally,
forj = 1...,n, let S be the j** smallest element, so that S =
{5(1)7 L ,S(")} and S < ... < g0,

There is a natural Pareto-like ordering on M,,: for S, T € M,
we define the relation < on M,, by S < T if and only if for all
7=1...,n, S < T, Then < is a partial order. S < T'if and
only if one can generate T by increasing elements of S. As usual, we
write S < T'tomean S < T and S # T.

4.2 Properties of particular aggregation operations

We consider some particular properties that particular aggregation
operations may have, and that will be used in later sections.

We say that aggregation function F'

—satisfies Positive Homogeneity if for all S € M., and for all
r >0, F(rS)=rF(S).

—satisfies Monotonicity if F'(S) < F(T) holds for any S,T €
M, such that § < T, i.e., such that 7" Pareto-dominates .S, and
satisfies Strict Monotonicity if 7'(S) < F(T") holds forany S,T €
M,, suchthat S < T.

—satisfies Translation if for all S € M,, and for all ¢t € IR we
have F(S +t) = F(S) +t.

Consider F' satisfying positive homogeneity and monotonicity. If
no element of S is negative then, since 25 > S, we have 2F(S) =
F(2S) > F(S) and so F(S) > 0. Similarly, if no element of S is
positive then 25 < S so we have 2F(S) = F(25) < F(S) and
thus, F'(S) < 0. If F also satisfies Translation then this implies that
for any S € My, min(S) < F(S) < max(S).

Definition of G,,: We let G,, be the set of all real-valued aggre-
gation functions on M, that satisfy Positive Homogeneity, Mono-
tonicity and Translation. Hence, for all G € G,, and any S € M,
min(S) < F(S) < max(S5).

For the pointwise aggregation methods (to be defined in Section 6)
we will also assume the following property.

For real-valued aggregation function F' on M,,, we say that F' is
mean-dominated if for all S € M,,, F(S) < S, i.e., F(S) is never
more than the mean of S.

Definition of H.,,:
are mean-dominated.

We define H.,, to the set of functions in G,, that

4.3 Ordered Weighted Averages (OWAs)

A classic family of aggregation operations which include mean, min
and max are Ordered Weighted Averages [22].

Let Z,, be the set of vectors in IR™ such that each component is
non-negative, and the components sum to one. Thus, if € Z,, then
forallj =1,...,n, #(j) > 0,and 3°7_, £{(j) = 1.

For i € Z,, we define the Ordered Weighted Average (OWA)
aggregation operation F as follows: for S € M,, F F(S ) =
D £(5)SY). Thus, F{(S) is a weighted mean of the elements
of S, but where the weights are dependent on the order of elements
of S, with weight 7?( ) being the weight assigned to the 5 smallest
element. -

In particular, if ¥ = (1,0,...,0) then F*(S) s =
min(S). And if £ is the uniform vector (£,..., 1) then FF(S) =
Ly SV =13 ¢ ie., the mean S of S.

OWAs satisfy Positive Homogeneity, Monotonicity and Transla-
tion, and there is a simple characterisation of when they are mean-
dominated:

Proposition 3. (i) For any t € I,, the OWA F* satisfies Positive
Homogeneity, Monotonicity and Translation.
(ii) F' is mean-dominated if and only if for all k € {1,...,n},
25:1 tj > %

For multiset S € M, we say that S’ is a single increase of S of
magnitude v (> 0) if, for some s € S, §' = S\ {s} U {s+ 1}, ie,
S is unchanged except for (one copy of) s becoming s + r.

Let F' be a real-valued function on a multiset of n (not necessarily
different) reals. For ¢ > 0 we say that F' is ¢-bounded if for any
multiset S € M,, and any single increase of S of magnitude r we
have F(S’) — F(S) < tr, increasing just one element of S by r
leads to at most an increase of ¢r in F'(S).

For an OWA F, increasing an element of S by a small amount €
leads to an increase in FF(S) of t;e for some j € {1,...,n}, and
more generally, for any single increase of S’ of magnitude  to from
S’, we have F'(S') — F(S) < tmaor, Where tpmas = max{t; :

j=1,...,n}. Hence, F"is t;mqz-bounded.

5 D-Relative Regret Based on
Aggregation/Normalisation of Regrets

For our first kind of function, Da(w) is an aggregation G of the
regrets of all the alternatives in A.

Recall that Ry () = Vala(w) — fuw(7y) is the regret of v in A with
respect to w. We write Ry (A) as an abbreviation for the multiset
{RY(v) 1 v € A} € M.

Recall from Section 4.2 that G,, is the set of aggregation functions
satisfying Positive Homogeneity, Monotonicity and Translation; in
particular, by Proposition 3(1), this includes all the Ordered Weighted
Averages.

Consider any G € G,,. We define D€ as follows. Forany A € A,
and w € IRY, define DS (w) to be G(RY (A)).

Thus, Df(w) is the aggregated regret over all alternatives in A.
For example, if G is the mean then D€ is equal to D° defined in
Section 3.4, and if G is the maximum then D¢ is equal to D*.

Positive homogeneity of G, and the fact that R (v) = r x RY ()
(see Proposition 1(i)), implies positive homogeneity of D%. Also,



since R4 (A) has minimum element of zero, and G satisfies pos-
itive homogeneity and monotonicity, G(R4 (A)) > 0. Hence, for
any G € G, DY € Dy, i.e., D% is a denominator function.

The associated D relative regret function is then given by, for
a€ A,

R (o)
G(Ry(A))
with division of zero being treated in the same way as in the definition
of RRE in Section 3.3.

Because of the translation property of G, we have that G(Ry (A)),
ie., GHRY(v) : v € A}),isequalto Valy(w) + G{—w-v : v €
A}), and so, RRZA?G (;w) < lifandonlyifw-a > -G{—-w-~v :
v € A}), i.e., the utility of « is at least the aggregate utility.

RRZG (a;w) =

@

5.1 Basic results for G-systems

When G(RY(A)) > 0, positive homogeneity of G implies

GURRE® (y;w) : 7 € A}) = gy GURY () : v € A}) =
1, so we have the following normalisation property, stating that the
G-aggregation of the D -relative regret values of all the alternatives
is equal to 1:

When G(RY (A)) > 0,

GU{RRE (y;w) : vy € A}) = 1. 3)

Consider any A € A, and ¢ € IR”, and w € IRY. Mapping A to
A+ (={y+d:~v € A}) does not change the values of regret, by
Proposition 1(ii). This immediately implies the translation-invariance
of DY, ie., DG, s(w) = DS (w), which by Proposition 2 implies
that RRP and are MRRP® translation-invariant.

Similarly, by Proposition 1(iii), for any 7 € IR% , and any v € A,
RyST - (v ® 7) = RY(vy) which immediately implies that scale-
invariance of D%: and hence, by Proposition 2, that RRP “ and
MRRP® are scale-invariant.

To summarise we have:

G G
Theorem 4. For any G € G,, D€ € D,, and RR®" and MRR”
are translation-invariant and scale-invariant.

6 D-Relative Regret Based on Regret of
Pointwise-Aggregated Alternative

The second kind of function involves pointwise aggregation of the
alternatives, and computing the ‘regret’ value of such an aggregated
alternative.

For A € A, andi € {1,...,p}, A(7) is defined to be the multiset
{7(4) : v € A}. For real-valued function H on M,, define:

e The vector 04 € IRP by, fori € {1,...,p}, 04 (i) = H(A(®3)).
e The function D) by for A € M, and w € RY DISH)(w) =
Vala (w) — w - 0%.

If we extend the function R} to apply to any element § € IRP,
ie., RY(0) = Vala(w) — w - 6, then D™ (w) = RY (6%). and so
we have that the associated D7) relative regret function is given by,
fora € A,

RY(« Vala(w) —w - «

- RY(0F)  Vala(w) —w - 05’

(H)
RRY (i

with division of zero being treated in the same way as in the definition
of RRY in Section 3.3.

If we extend the definitions of RRE “ and MRRE 4o apply to
an arbitrary element of IR? then Equation 4 gives the normalisation
conditions: RRQ(H) (05 ;w) = 1 and MRRI,Z(H) (05 :wW) = 1. Also,
MRRA’?(H) (a; W) < 1if and only if « always has at least as high
utility as 6% in particular, this holds if o Pareto-dominates 0.

6.1 Some basic results for pointwise aggregation

The following result shows that mean-dominated H leads to a valid,
i.e., non-negative, function DU that is, w - 0% < Valy (w). Be-
cause of mean-dominance, it is sufficient to show this for H being
the mean, i.e., H(S) = S for S € M,,, so that 9% = A. But then
w - 5 can be seen to be equal to the mean over v € A of w - 7,
which is at most Vala (w), the max over v € A of w - . Hence we
have:

Proposition 5. If H is mean-dominated then for all A € Ay, DIEXH)
is non-negative.

Proposition 5 above shows that H being mean-dominated is a suf-
ficient condition for DIE‘H) being non-negative (which is required, by
the definition of a denominantor family). Proposition 6 below shows
that in fact, in a certain sense, it is also necessary.

Proposition 6. If H is not mean-dominated then there exists p and
finite A C IR® of cardinality n and w € IR, such that D/gH>(w) <
0. N

We also have the desired invariance properties of D).

Proposition 7. Forany H € H,, DY) is translation-invariant and
scale-invariant.

These results lead to the following summary of basic properties.

Theorem 8. : For any H € H,, we have D) ¢ D, and

(H) . . . . . .
RRP"" is translation-invariant and scale-invariant.

7 Monotonicity properties

These properties relate to whether the D-relative regret is non-
increasing if we change the inputs A in a way that favours the al-
ternative cv. We distinguish three different kinds of changes of A, the
first where we increase one or more co-ordinates of «, and the other
two relating to reductions in other alternatives.

7.1 Definitions of Types of Monotonicity

The monotonicity properties all involve a condition that the D-
relative regret of alternative « is not increased by modifying A in
some way to form another set of alternatives A’, where the modifi-
cation might seem to favour o over other alternatives. We consider
three kinds of modifications, type-(I), type-(II) and type-(III).

(I)-monotonicity relates to increasing «.(¢) for some ¢ and leaving
everything else fixed.

(II)-monotonicity relates to decreasing ~y(¢) for some v # « and
leaving everything else fixed, without changing Vala (w).

(III)-monotonicity relates to decreasing (¢) for some v € A\ {a}
and leaving everything else fixed such that Vala (w) is reduced (and
~ continues as the optimal alternative).



Our monotonicity properties involve considering the change of D-
relative regret when we change elements of A. For this purpose we
consider 1-1 mappings from A onto a subset A’ of IRP. We call these
(A, a)-modifications from A to A’, and, to simplify the notation, the
image of each v € A is written as ' (which may be equal to ).

A type-(I) (A, )-modification is an (A, a)-modification such that
o is Pareto-increased, i.e., o’ >p «, and no other element of A is
changed, i.e., ¥ = v for all v # .

A type-(Il) (A, a)-modification given w € IRE is an (A4, a)-
modification of A to A’ such that o/ = «, and there exists 8 €
Ow(A) such that, 3 = B, and for all v € A, either v = ~ or
Pareto-dominates 7’.

Hence « is unchanged, and the only elements that are changed are
Pareto-reduced, but at least one optimal element is unchanged, so
that Vala/ (w) = Vala (w).

A type-(I) (A, a)-modification given w only applies if « is not
optimal in A. It is an (A, a)-modification of A to A’ such that «
is unchanged, and only the optimal elements of A are changed, and
these remain optimal in A’, i.e., such that o’ = o and 7/ = + for all
v € A\ Ou(A),and forall B € O, (A), B’ is Pareto-dominated by
B, B8>p B and B’ € O, (A").

For (X) being either (I), (II) or (III), we say that the D-relative
regret function RR” satisfies (X)-monotonicity if for all finite A C
IR? and @ € A and w € IRZ, and any type-(X) (4, a)-modification
[given w] of A to A’ we have RRY, (o/;w) < RRY (o;; w), i.e., the
change does not increase the D-relative regret.

For ¢t > 0 we also say that RRP satisfies (< t)-(X)-monotonicity
if for all finite A C IR” and @ € A and w € IRZ, and any type-(X)
(A, a)-modification of A to A’ we have RRY, (o; w) < RRE (a; w)
whenever RRY (a; w) < t.

We say that RR” satisfies restricted (X)-monotonicity if it satisfies
(< 1)-(X)-monotonicity.

The reason for separating (II)-monotonicity and (III)-
monotonicity, i.e., distinguishing between when one decreases
Vals (w) and when one doesn’t, is that (IIT)-monotonicity can be seen
to be somewhat in conflict with the kind of normalised relative regret
that we are considering here; in particular, consider the D -relative
regret RRY G, for some aggregation function G € G,,, which satisfies
the normalisation condition G'({RRY ¢ (v;w) : v € A}) = 1 (Equa-
tion 3). (III)-monotonicity for RRY “ would imply that RRY ¢ (c; w)
would not increase; but this can be applied for any non-optimal «,
and so for every v € A, RRQG (v; w) would not increase (since if
7 is optimal, the value stays at zero). However, despite this Pareto
decrease of the multiset {RRY ¢ (v;w) : v € A}, the normalisation
condition has to be maintained, which would be impossible, for
example, if G were strictly monotonic (see also Proposition 12
below).

7.2 Result used for proving monotonicity properties

The following technical result is used for showing monotonicity re-
sults for both kinds of family. It uses the notation E 4 (w) defined to
be Vala(w) — Da(w).

Proposition 9. Assume that RY («), Ry, (o), Da(w), Das(w) > 0.

. RY (a)—RY, (') .
(i) 1f Da(w) = Dar(w) < 278000 (e, Da(w) — Do (w) <

RY (a)—RY, (a) RY () RY, (@) . D /.
RRg(aﬁu) ) then T35 2 By e RR;/ (/5 w)

RRE (o;; w).

N

(ii) If RY (o) > RY (') and RRE (c;w) < 1 then a sufficient con-
dition for RRY, (o/;w) < RRE (c;w) is Da(w) — Das(w) <
RY(a) — Ry (d), ie, Ear(w) — Ea(w) < w(a') —w(a).

Proof sketch: For any a,b,a’,b/ > 0,if b — b < “~i then

b;lf/ < “;a', which implies 1 — b*Tb' >1-— %d’ ie., %' > =,
and hence, ¢ > ‘;—:. We apply this with a = RY (a), b = Da(w),
a’ = RY)(a) and b' = Du/(w) to prove part (i). If we also assume
RY(a) > RY/(a/) and RRE (a;w) < 1 and Da(w) — Dar(w) <
RY (o) — R% (a), then Da(w) — Das (w) < T4~ R (@)
RRZ (a;w)
can apply part (i) to show part (ii). a

, SO we

8 Monotonicity results for G-aggregation

The discussion at the end of Section 7.1 indicates that we can only ex-
pect (full) (IIT)-monotonicity in exceptional cases; this is formalised
with Proposition 12 below, showing that it only holds when G is a
multiple of max. However, restricted (III)-monotonicity does hold,
and there is a simple argument showing (I)- and (II)-monotonicity,
based on Equation 5 below.

For v € A let us abbreviate Ry (v7)/Ry (a) as Ry (y/«). Con-
sider the case when RY () > 0. Then, since 1/RY () > 0, we
can apply positive homogeneity of G to obtain G({ Ry (y/a) : v €
A}) = %G({RX(v) iy € A}) = —4——, and thus, we

RREG (a;w)
have, when RY (a) > 0:

1

m =G({Ri(v/a)

Dy € A}). (5)

Theorem 10. For any G € Gy, RRP® satisfies (I)-monotonicity,
(11)-monotonicity and restricted (I11)-monotonicity.

For any type-(I) (A, a)-modification of A to A’, only « changes,
with RY (o) < RY(«). Hence, for all v € A, Ry (Y'/a’) >
RY (y/a), and so by monotonicity of G and using Equation 5,

DG 1 D¢ D¢ .. -
RR; (¢/;w) < RRE (a;w), so RR™  satisfies (I)-monotonicity.
The argument for (II)-monotonicity is very similar. Because o does
not change, and only non-optimal elements change we again have for
ally € A, Ry (7' /') > RY(v/«), and thus, using the same argu-
ment, RRY," (¢/;w) < RRY ™ (a;w), showing (II)-monotonicity of
RRP®.

The argument for restricted-(IlI)-monotonicity is a little more
complex. We have DS (w) = G({Vala(w) — w(y) : v € A}),
which, by the translation property of G is equal to Vali(w) +
G{~w(y) : v € A}). Thus, Ea(w) = Vala(w) — Da(w) =
—G({—w(v) : v € A}), and similarly, E4/ (w) = Valy (w) —
Dy(w) = —G{—w(y') + v € A}). A type-(IIl) modification
only reduces w(~y) for optimal elements -, and so monotonicity of G
implies E 4/ (w) < Ea(w). Since we also have w(a') = w(a), un-
der the assumption RRY (c;w) < 1, we can use Proposition 9(ii) to
show RRY, (o/;w) < RRE (a;w), thus proving that RRP satisfies
restricted-(III)-monotonicity.

If we consider the special case when G is max and so D¢ equals
D? (see Section 3.4), then we always have RREG (a;w) < 1 and
so restricted (III)-monotonicity is equivalent with (III)-monotonicity,
and thus we have the following corollary of Theorem 10.

Corollary 11. RRP ' satisfies (I)-monotonicity, (Il)-monotonicity
and (I11)-monotonicity.



In fact, for continuous G, (full) (IIT)-monotonicity only holds for
D€ if G = max or a multiple of max.

Proposition 12. Suppose that G € G, is continuous and that D
satisfies (Il1)-monotonicity. Then there exists r > 0 such that for all
n-multisets S with minimum element of zero, G(S) = r max(S).

9 Monotonicity Results for Pointwise Aggregation

We first give a technical result that we will use for (I)- and (II)-
monotonicity. This follows easily from Proposition 9(i) because a
summation over all 4 in the hypothesis gives w - 05, — w - 6% <
%, and because Valy (w) = Vala(w), w - 0%, —w - 05 =
Da(w) — Dar(w) andw - &' — w - a = RY (a) — Ry (a).
Proposition 13. Consider any H € Hn, w € IRE, finite A C IR?,
o € A, and any 1-1 mapping A to A" C IRP such that w(a') >
w(a), and Valy (w) = Vala(w). Assume also that Vala(w) >
w(a') > w(a).

If for all i = 1,...

RR2™ (o/;w) < RRR™

2 04 (6) = 04(0) < SRS then

(a; w).
The following lemmas relate to the three types of monotonicity.

Lemma 1. If H € H,, and H is t-bounded (see Section 4.3) then
RRD(H) satisfies (< 1/t)-(I)-monotonicity.

Proof sketch: For each ¢ = 1,...,p, since H is t-bounded,
we have, for a type-(I) (A, a)-modification, 8%, (i) — 6 (i) <
t(a (i) — (i)). Thus, if RRY (a;w) < 1/t Proposition 13 implies

pH) , p(H)
that RR,, " (a';w) < RRZ (o w). O

Lemma 2. Forany H € H,,, RR” o satisfies (I1)-monotonicity.

Proof sketch: Consider any type-(I) (A, a)-modification of A to
A’. Monotonicity of H implies that for each s = 1...,p, 6%, (3)
60X (3). Since o’ = «, Proposition 13 implies RRY, (a’;w)

RRE (o; w) showing that RR” ) satisfies (II)-monotonicity.

O INIA

Lemma 3. For any H € H,, RRD(H) satisfies (< 1)-(11l)-
monotonicity.

Proof: Assume that H € H,, and abbreviate D) to D. Consider
any type-(Il) (A, o)-modification given w to produce A’ from A.
Then w(a') = w(a) < Vala(w) and Valy (w) < Vals(w) and so
RY (a') > RY(«). and any elements that are changed are Pareto-
reduced, so, by the monotonicity property of H we have 67, (3)
05 (i) foreach i = 1,...,p, 50 Ex(w) = w - 0%, < w - 0§
Ea(w). Therefore, Proposition 9 (ii) implies that RRY, (a'; w)
RRE (o;; w) whenever RR% (a; w) < 1.

IA

OIA I

Putting the three lemmas together we obtain:

Theorem 14. Forany H € H.,, RRD(H) satisfies (Il)-monotonicity,

restricted-(Ill)-monotonicity, and, if H is t-bounded then RRP o
satisfies (< 1/t)-(I)-monotonicity.

Consider the special case when H is min, so that D) — p?
(see Section 3.4). Viewing min as an OWA Ft we have ta: = 1,
and so min is 1-bounded (see the end of Section 4). The values of
RRP? are always < 1, and so (< 1)-(III)-monotonicity implies (III)-
monotonicity, and similarly, for (I)-monotonicity, thus showing the
following corollary of Theorem 14.

Corollary 15. RRP’ satisfies (I)-monotonicity, (II)-monotonicity
and (Ill)-monotonicity.

10 Re-normalised Standard Regret Measure D?

Of the four variations of relative regret from [21], see Section 3.4,
only D? remains to be considered, since D° and D' are members of
the family considered in Section 5, and D? (and D°) are members
of the family in Section 6. Like the other three, [max] relative regret
based on D? satisfies translation- and scale-invariance properties, see
Theorems 11 and 14 of [21], We briefly consider monotonicity prop-
erties of D3.

For A € A,,a € Aandw € IR? we have D} (w) = w-(A— A),
and

RRgg(oe; w) = — = —. (6)

Since Vals (w) < w-Aand w-a > w- A, we have RRIA?3 (;w) < 1.

It can be seen that RRP” satisfies (D-monotonicity. If o’ is optimal
in A’ then we have, 0 = RRE/3 (o/5w) < RRY’ (a; w). Otherwise,
Valy: (w) = Vala (w) and so the numerator is reduced by w- (o — ),
and the denominator (if it decreases at all) decreases by no more than
w - (@ — o). Since RRA??’(a; w) < 1, this implies RRE,3 (o5w) <
RRE3 (a; w).

It is easy to construct counter-examples to (II)-monotonicity.
Choose any w € IRY that has no zero components; choose any A
and o such that A ¢ A and o(i) < A(i) fori = 1...,p and
a ¢ Oy (A). Pick any 8 € Oy (A). Since 3 # A there exists j
such that 3(j) < A(j); and for each v € A such that y(j) = A(j),
define 7/ (j) to be £ (A(j) — A(j)), and otherwise let (i) = (i)
and leave all other elements of A unchanged. This defines a type-(I)
(A, a)-modification given w, since o and Vals (w) are unchanged,
and at least one element is reduced. In addition w - A is reduced
and A is unchanged, so by Equation 6, RRQS(a; w) is increased,
showing that (II)-monotonicity does not hold for RR” . Specifically,
Valy/ (w) = Vala(w) = w-B,andw-o’ = w-a,andw- A’ =w-A
and w - A7 < w - A. Hence we have RR2, (o/;w) > RRY (a; w),
giving a counter-example for (II)-monotonicity.

In fact, we can choose « such that w - « is arbitrarily close to
w - B = Vala(w) so the same form of example shows that for every
t > 0, (< t)-(II)-monotonicity does not hold for RRP?.

One can also construct an example to show that (III)-monotonicity
does not hold for RRP”

11 Discussion

The paper defines two general families of translation- and scale-
invariant measures of regret, using aggregation functions in two dif-
ferent ways. Both families can be characterised by normalisation
conditions that they satisfy. We analysed their monotonicity prop-
erties, and we establish positive results for all instances of both fami-
lies. We suggest that monotonicity based on just reducing the optimal
alternative is not necessarily to be always expected in this context, al-
though an extreme member of each of the two families does satisfy
it, i.e., D' and D?-relative regret.

For simplicity we focused just on linear utility functions. However,
at least for the first family, based on aggregated regret, many of the
results generalise easily to other utility functions.
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